The derived category of a general complete intersection of four quadrics in P 2n−1 has a semi-orthogonal decomposition O(−2n + 9), . . . , O(−1), O, D , where D is the derived category of twisted sheaves on a certain non-algebraic complex 3-fold coming from a moduli problem. In particular, when n = 4 we obtain a (twisted) derived equivalence of Calabi-Yau 3-folds predicted by Gross. This differs from Kuznetsov's result [17] in that our construction is geometric and avoids non-commutative varieties.
Introduction
We will be interested in the following objects:
• V , a 2n-dimensional complex vector space,
• Φ = P Sym 2 V * , the space of quadrics in PV ,
• X, a general complete intersection of 2, 3, or 4 quadrics in PV ,
• L, the line, plane, or 3-plane that those quadrics span in Φ, and
• M, the double cover of L branched over the hypersurface of singular quadrics.
We will see that M is a moduli space of vector bundles on X and that their derived categories are related. Let us take a moment to describe Φ. Over C, any two quadrics of the same rank are isomorphic. A quadric of full rank is smooth and 2n − 2-dimensional. A quadric of corank 1 is a cone from a point to a smooth 2n − 3-dimensional quadric. A quadric of corank 2 is a cone from a line to a smooth 2n − 4-dimensional quadric, and so on. Φ has a stratification Φ ⊃ ∆ 1 ⊃ ∆ 2 ⊃ ∆ 3 ⊃ · · · , where ∆ c is the space of quadrics of corank at least c. The singular locus of ∆ c is ∆ c+1 . ∆ 1 is a hypersurface of degree 2n, ∆ 2 is codimension 3, and ∆ 3 is codimension 6. I imagine the whole situation as looking like this: generically ∆ 1 :
but note that ∆ 2 is really codimension 3 and ∆ 3 is not pictured.
In analogy with Beȋlinson's semi-orthogonal decomposition of the derived category of PV [3] D(PV ) = O PV (−2n + 1), . . . , O PV (−1), O PV , Kapranov [15] described the derived category of a smooth, even-dimensional quadric Q: D(Q) = O X (−2n + 3), . . . , O X (−1), O X , S + , S − .
Here S ± are the two "spinor bundles" on Q, so called because they can be constructed using Cartan's variety of pure spinors. On Q 2 ∼ = P 1 × P 1 , they are O(1, 0) and O(0, 1), and on Q 4 ∼ = Gr(2, 4), they are the quotient bundle and the dual of the tautological bundle. We will discuss them at length in §2. Our reference on derived categories, semi-orthogonal decompositions, etc. is Huybrechts' book [13] .
The first to associate a hyperelliptic curve to a pencil of quadrics was Weil [23] , who computed the zeta function of X from that of M to give evidence for his conjectures. In his thesis [20] , Reid showed that the variety of P n−2 s on X is isomorphic to the Jacobian of M and to the intermediate Jacobian of X. In a series of papers beginning with [12] , Desale and Ramanan described various moduli spaces of bundles on M in terms of varieties of linear spaces on X. Bondal and Orlov [6] gave a categorical explanation of this: viewing M as the moduli space of spinor bundles on X, they used the universal bundle as the kernel of a Fourier- Mukai Setting n = 2, so X and M are elliptic curves, we recover Mukai's original example [18] of a derived equivalence.
Tyurin [21] studied intermediate Jacobian of the intersection of three odd-dimensional quadrics and proved a Torelli theorem. Desale [5] generalized her and Ramanan's work on two quadrics to three. When n = 3, so X and M are K3 surfaces, Mukai [19] showed that M is the moduli space of spinor bundles on X; this is true for n > 3 as well. But now the moduli problem is not fine, and we can only find a twisted pseudo-universal bundle, twisted by some Brauer class α ∈ H 2 (M, O * M ). Then:
Our reference on twisted sheaves is Cȃldȃraru's thesis [9] , which also discusses the equivalence obtained when n = 3. For four or more quadrics, L cannot avoid the corank 2 locus ∆ 2 , so L ∩ ∆ 1 must be singular, so M must be singular. In analogy with Bersteȋn-Gelfan'd-Gelfan'd's description of D(PV ) [4] , Kapranov [16] described of D(X) as a quotient of the derived category of modules over a generalized Clifford algebra, which we will discuss in §3. Bondal and Orlov [7] equipped M with a related sheaf of algebas B, viewed it as a non-commutative resolution of singularities, and stated that
when n ≥ m, where m is the number of quadrics. Kuznetsov [17] proved this and more using his homological projective duality. For three quadrics, B is just a sheaf of Azumaya algebras, so this is equivalent to what we said above about twisted sheaves, but in general B is scarier.
We will take a more geometric approach to the intersection of four quadrics, emphasizing the moduli problem. In §2 we describe the vector bundles in question, which come from matrix factorizations of the quadrics. The smooth points of M correspond to stable bundles, but M also has ordinary double points; each one corresponds to two lines of semi-stable bundles, all S-equivalent. We can cut out an ODP and replace it by a line in two ways, related by a flop, although in general we cannot hope to do this algebraically. In §3 we construct this small resolution of singularities M → M and an α-twisted pseudo-universal bundle onM. In §4 we show that when n ≥ 4, so X is Fano or Calabi-Yau, this embeds D(M, α −1 ) in D(X). In §5 we prove:
Setting n = 4, we obtain a twisted derived equivalence of Calabi-Yau 3-folds predicted by Gross. For any n ≥ 4, our construction produces complex manifolds twisted-derived-equivalent to Bondal-Orlov and Kuznetsov's noncommutative varieties.
Such derived equivalences are related to string theory. Vafa and Witten [22] constructed examples of string theory models that appeared to be smooth despite being compactified on singular spaces, and posed the question of how to understand them. Aspinwall, Morrison, and Gross [2] observed that all these examples involved a non-trivial Brauer class, which corresponds physically to the so-called B-field. For elliptically-fibered CalabiYau 3-folds, Cȃldȃraru [10] produced a non-Kähler small resolution of singularities and obtained derived equivalence twisted by a Brauer class; our result is the analogue in a non-elliptically-fibered case. In [11] it was conjectured that homologically projectively dual varieties are connected by a gauged linear sigma models, and vice versa. From this perspective, our example suggests that there should be a GLSM between the smooth, projective X and the non-KählerM, taking the twisting into account.
We will end up reproving the results stated above for two and three quadrics. For five or more quadrics, we will see that M has no small resolution, algebraic or otherwise.
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Spinor Sheaves
Let us describe in more detail the bundles in our moduli problem. Let Q be a 2n − 2-dimensional quadric. On a smooth Q there are two "spinor bundles", of rank 2 n−1 . A corank 1 Q is a cone on a smooth 2n−3-dimensional quadric, on which there is one spinor bundle, again of rank 2 n−1 . We will construct a sheaf on Q that, away from the cone point, is the pullback of this spinor bundle via projection from the cone point. A corank 2 Q is a cone from a line to a smooth 2n − 4-dimensional quadric, on which there are two spinor bundles S ± of rank 2 n−2 . On the smaller quadric there are no extensions between these, but when pulled back to Q and extended across the cone line, there is a P 1 of non-trivial extensions of S + by S − and another of S − by S + . Thus we see the double cover of L, branched over the singular quadrics, the exceptional lines ofM → M, and the two possible small resolutions of each ODP, related by a flop.
We will use the "spinor sheaves" introduced in [1] . Given a linear space on Q, we define a sheaf as follows.
Let q be a quadratic form on V , non-zero but possibly degenerate, and W ⊂ V an isotropic subspace (that is, q| W = 0). Ultimately we will want corank q ≤ 2 and dim W = n, but is profitable to develop the theory in general. Let Cℓ be the Clifford algebra, which can be defined either as a quotient of the tensor algebra
or as a deformation of the exterior algebra
Let I be the left ideal I = Cℓ · w 1 · · · w m , where w 1 , . . . , w m is a basis for W ; because W is isotropic, I does not depend on the choice of basis. Since Cℓ is Z/2-graded, we can write I = I ev ⊕ I odd . Define a map of vector bundles
defined similarly then ϕ and ψ constitute a matrix factorization of q. The sheaf we want is S := coker ϕ. The following facts are proved in [1] :
• S is supported on Q. Its restriction to PW ∩ Q sing is trivial of rank 2 dim V /W . Elsewhere on Q it is locally free of rank 2 dim V /W −1 .
• S is reflexive; in fact S * (1) is a spinor sheaf.
• If Q is smooth, recall that there is one family of m-dimensional isotropic subspaces if m < n and two if m = n. The isomorphism class of S depends only on the family to which W belongs. If m = n, S is one of the two spinor bundles discussed earlier; otherwise it is a direct sum of them.
• If Q is singular, hence a cone from Q sing to a smooth quadric, then the isomorphism class of S depends on PW ∩ Q sing and on the family to which the projection of PW to the smooth quadric belongs. For example, suppose dim V = 4, dim W = 2, corank Q = 2, so we imagine a line on this figure:
.
If PW is not the cone line, it lies on one plane or the other and meets the cone line in a point, and these data determine the isomorphism class of S. That is, the lines on one plane through a fixed point on the cone line all give isomorphic spinor sheaves.
• If W is maximal, S is stable in the sense of Mumford-Takemoto.
• If W is not maximal, let W ′ ⊃ W be an isotropic space of dimension one greater, and W ′′ an isotropic subspace of the opposite family to
(So in our picture above, PW ′ is the plane containing PW and PW ′′ the other plane.) Then there is a short exact sequence
Thus the S-equivalence class of S W depends only on dim W .
• If H ⊂ PV is a hyperplane not containing PW then the restriction S| Q∩H is a spinor sheaf corresponding to the linear space PW ∩ H on Q ∩ H. This justifies what we said earlier about pulling back via projection from Q sing .
All this is proved in [1] , but in §3.4 we will need the explicit isomorphism between spinor sheaves coming from isotropic subspaces of the same family, so we reproduce it here.
Lemma 2.1. Let W and W ′ be isotropic subspaces of the same dimension, intersecting in even codimension, with
Proof. Choose a basis v 1 , . . . , v k for W ∩ W ′ and bases w k+1 , . . . , w m and w ′ k+1 , . . . , w ′ m for the rest of W and W ′ . Then the maps
are homomorphisms of graded Cℓ-modules, and the composition is just multiplication by det(q(w i , w ′ j )) = 0. Since the graded ideals are isomorphic, the spinor sheaves are isomorphic.
3 Construction of the Small Resolution and PseudoUniversal Bundle
Varying the Quadric and Isotropic Subspace
Having defined spinor sheaves on one quadric and understood how they depend on a choice of isotropic space, we wish to study what happens in a family of quadrics. First we vary the Clifford algebra. Define a sheaf A of graded algebras on the space Φ of quadrics:
Observe that rank A 0 = 1, rank A 1 = 2n, and the ranks of the graded pieces grow for a while but eventually stabilize: for k ≥ 2n − 1 we have rank A k = 2 2n−1 and A k+2 = A k (1). The fiber of A over a point Q ∈ Φ is not the Clifford algebra but the Z-graded Clifford algebra that Kapranov considers in [15] :
This algebra is Koszul dual to the coordinate ring of Q, at least when Q is smooth. When k ≥ 2n − 1, its k th graded piece is isomorphic to the odd or even piece of the usual Clifford algebra. More generally, if X is a complete intersection of quadrics Q 1 , . . . , Q m and L ⊂ Φ is the linear space they span, Γ(A| L ) is the generalized Z-graded Clifford algebra that Kapranov considers in [16] :
This is Koszul dual to the coordinate ring of X. Next we vary the ideal. Let Φ ′ = {(W, Q) ∈ Gr(n, V ) × Φ : PW ⊂ Q} be the relative Grassmannian of isotropic P n−1 s. This is smooth, since it is a projective bundle over Gr(n, V ). Let p : Φ ′ → Φ be the natural map and I ⊂ p * A be the sheaf of left ideals which, over a point (W, Q) ∈ Φ ′ , is generated by the line
is I odd or I ev from the previous section, and
Last we vary the spinor sheaf: on PV × Φ ′ , let S be the cokernel of the map
given by v ⊗ ξ → vξ. Its restriction to a slice PV × (W, Q) is the spinor sheaf from the previous section.
Restriction to the linear system L
Now if L ⊂ Φ is a general linear system, its base locus X avoids the singularities of each Q ∈ L, so the restriction of S to X × p −1 L ⊂ PV × Φ ′ is a vector bundle. We would like it to be the universal bundle for our moduli problem, but many points of p −1 L parametrize the same bundle on X.
If L is a line or a plane, the points in a fiber of p −1 L → M all parametrize the same spinor sheaf, and points of different fibers parametrize different spinor sheaves, so what we want is a section of p −1 L → M. When L is a line there is a section; when L is a plane there are only local sections; when L is a 3-plane, these local sections will let us resolve the singularities of M.
Two Quadrics
If L is a line, Reid [20] shows that X contains P n−2 s; let Π be one of them. On a smooth Q ∈ L, there are two P n−1 s containing Π, one from each family. On a singular Q there is only one, namely the span of Π and the cone point.
Thus from Π we get a section of p −1 L → M. We obtain the desired universal sheaf on X × M by pulling back S from PV × Φ ′ . Different choices of Π give us different universal sheaves on X × M, but different universal sheaves can only differ by the pullback of a line bundle from M, which reflects Reid's result that the space of P n−2 s on X is isomorphic to Pic 0 M.
Three Quadrics
If L is a plane then X does not generally contain a P n−2 † so we will not be able to produce a global section of p −1 L → M as we did above, but we will be able to produce local sections, as follows. What was important about Π above was that it lay on every Q ∈ L and that it avoided the cone points of the singular Qs. Now we will let Π(Q) vary with Q. To be precise, Proof. Let Q 0 ∈ L. Then the singular locus of Q 0 is at most a point, so we can choose a hyperplane H ⊂ PV such that Q 0 ∩ H is smooth. Let Ψ be the space of quadrics in H and f : Φ -Ψ the rational map given by intersecting with H, which is regular near Q 0 . Let q : Ψ ′ → Ψ be the relative Grassmannian of isotropic P n−2 s.
PGL 2n−1 C acts on Ψ and Ψ ′ , and q is equivariant. Ψ ′ is smooth as Φ ′ was, so we can apply theorems from differential geometry. By Sard's theorem, q is a submersion almost everywhere. Since the orbit of f (Q 0 ) is open in Ψ, q is a submersion over f (Q 0 ). Thus by the implicit function theorem there is an analytic neighborhood W of f (Q 0 ) over which q has a local section. Let U = L∩f −1 W and Π : U → Gr(n−1, V ) be the obvious composition.
Now on a smooth Q ∈ L there are two P n−1 s containing Π(Q), and on a singular Q there is only one, so we get local sections of p −1 L → M. If we pull back I k , k ≥ 2n − 1, from PV × Φ ′ to U × M via these local sections, Lemma 2.1 tells us how to glue together the resulting local sheaves on a pairwise intersection U i ∩ U j , perhaps after shrinking the U s. In fact Lemma 2.1 glues I k to I k+2l for some l > 0, but these are just twists of each other, hence are locally isomorphic. But we could not have glued for k < 2n − 1.
We cannot hope for these gluings to match up on a triple intersection U i ∩ U j ∩ U k ′ , so we do not get an honest sheaf on X × M but only a twisted sheaf, twisted by the pullback of a class α ∈ H 2 (M, O * M ). (A priori α appears to take values in Aut(I k ), which is bigger than O * M , but because our ideals are simple modules [1] , in fact we only need O * M .) We will call this twisted pullback I k again and hope that no confusion results. We can also pull back S and use the same gluing, and still have
Four Quadrics
If L is a 3-plane then M has ODPs, and the points in the fiber of p −1 L → M over a singular point of M do not all parametrize the same sheaf on X, but our construction from the previous subsection will resolve both problems. The proof of Lemma 3.1 goes through with a one modification: the singular locus of a Q ∈ L may now be a line, so H must be codimension 2. On a smooth Q ∈ L there are two P n−1 s containing Π(Q), on a corank 1 Q there is one, and on a corank 2 Q there is a whole line of them: for each point in the cone line of Q, we can take its span with Π(Q).
Thus we have we have local rational sections of p −1 L → M that are regular away from the singular points of M. Let
be the graph of one, which in the Appendix A we show to be smooth. As we have said, Γ → M contracts some lines over the singular points of M, which are isolated, and is an isomorphism elsewhere. Thus we can cut out the ODPs of M and glue in Γ to produce the resolution of singularities M → M. The two small resolutions of each ODP are again visible here: in our modification of Lemma 3.1, the fiber of Ψ ′ → Ψ over f (Q 0 ) now has two connected components. Now the points ofM are in one-to-one correspondence with the isomorphism classes of spinor sheaves on X. As in the previous subsection we get twisted sheaves I k onM for k ≥ 2n − 1, and S on X ×M.
Five or More Quadrics
If L is a 4-plane, the singular locus of M is a curve C, which we can identify with its image in L. To construct a small resolution as above, for each corank 2 Q ∈ C we would have to choose (continuously) one of the two families of P n−2 s on Q sm , or equivalently one of the two families of P n s on Q. But this is impossible; the associated double cover of C has no section, as follows. Consider {(Λ, Q) ∈ Gr(n + 1, V ) × Φ : Λ ⊂ Q}, the relative Grassmannian of isotropic P n s. This is a projective bundle over Gr(n + 1, V ), hence is irreducible. The image of the natural map to Φ is the locus ∆ 2 of quadrics of corank at least 2, since a corank 1 quadric contains only P n−1 s. Since ∆ 2 is codimension 3, the preimage of a general 4-plane L ⊂ Φ is irreducible by Bertini's theorem.
Not only does our construction of a small resolution of M fail, but M has no small resolution whatsoever, as follows. Let Q ∈ C be any corank 2 quadric, and choose a general 3-plane L ′ ⊂ L through Q. The preimage of this in M is a 3-fold with ODPs; the two small resolutions of each are in natural bijection with the two families of P n s on Q. Thus a small resolution of M would give a continuous choice of a family of P n s on each Q ∈ C, which we just saw is impossible.
A small resolution of M would when dim L ≥ 5 would give one when dim L = 5, so this too is impossible. Note that when dim L ≥ 7 the singular locus of M is no longer smooth. 
)
In this section we will show that the Fourier-Mukai transform
is an embedding, where S is the α-twisted sheaf on X ×M constructed in the §3.5. It suffices to check that for any x, y ∈M,
This criterion was proved by Bondal and Orlov [6] for untwisted sheaves on algebraic varieties, but it applies equally well to twisted sheaves and to complex manfolds [9] . If x ∈M then F S O x is the restriction to X of a spinor sheaf S on a quadric Q containing X. In particular F S O x is a sheaf, not a complex of sheaves, so Hom(
The singular locus Q sing of Q is at most a line and does not meet X, and S is a vector bundle except perhaps at one point of Q sing .
We will use two additional facts from [1] :
• On PV there is an exact sequence
where N = 2 n−1 .
• On Q there is an exact sequence
Hom and Ext between spinor sheaves from different quadrics
First suppose that S 1 and S 2 are spinor sheaves on different quadrics Q 1 and Q 2 . Since S * 1 (1) is a spinor sheaf, we have resolutions
Choose quadrics Q 3 , Q 4 ∈ L that intersect each other and Q 1 and Q 2 transversely and avoid the points where S 1 and S 2 fail to be vector bundles (there are at most two). Restrict one of the resolutions above to Q 3 ∩Q 4 and tensor it with the other to get a resolution
we find that O Q 3 ∩Q 4 (−i) has no cohomology for 1 ≤ i ≤ 3 (we required n ≥ 4), so Ext *
Hom between spinor sheaves from the same quadric
Next suppose that S and S ′ are two spinor bundles on the same quadric Q 1 . From (4.1) we see that
Applying Hom Q 1 (−, S ′ ) to twists of (4.2) we see that
In particular,
Choose quadrics Q 2 , Q 3 , Q 4 ∈ L that meet each other and Q 1 transversely and tensor S ′ with the Koszul complex of
Applying Hom(S, −) and using the facts above, we find that Hom(S, S ′ | X ) = Hom(S, S ′ ). In [1] it is shown that Hom(S, S) = C for the spinor sheaves considered here. The same proof is easily adapted to show that Hom(S, S ′ ) = 0 if S = S ′ . Of course Hom(S| X , S ′ | X ) = Hom(S, S ′ | X ).
Ext between different spinor sheaves from the same quadric
If S and S ′ are distinct spinor bundles on Q 1 then either they are both vector bundles or they fail to be so at distinct points, so we can let E = S * ⊗ S ′ and rewrite (4.4) as
Above we saw that H 0 (E) = 0, and since dim Q 1 = 2n − 2, we see that E, E(−2), . . . , E(−2n + 2) have no cohomology. Thus
is a resolution of E| X by sheaves with no cohomology, so Ext *
Ext of a spinor sheaf with itself
If S on Q 1 fails to be a vector bundle at some point, choose a Q 2 ∈ L that avoids that point and intersects Q 1 transversely. If we now let E = (S * ⊗ S ′ )| Q 1 ∩Q 2 , we only get
Since dim Q 1 ∩ Q 2 = 2n − 3, we have
Semi-Orthogonal Decomposition of D(X)
Recall that our goal is to prove that
In the Calabi-Yau case n = 4 there are no line bundles, so in fact we have a derived equivalence. If we were only interested in this case, we would be done:
is an equivalence if for any x ∈M one has
In the Fano case, from the Koszul complex of X we see that O X (−2n + 9), . . . , O X is a strong exceptional collection. From (4.1) we see that they are right orthogonal to the spinor sheaves, which are the Fourier-Mukai transforms of the skyscraper sheaves onM, hence to all of D(M, α −1 ). † We will show that these line bundles and D(M, α −1 ) generate the line bundles O X (−d) for all d ≥ 0, hence generate all of D(X).
Recall that I k , k ≥ 2n − 1 are twisted sheaves onM. We will take the Fourier-Mukai transform of I * 2n (n − 4). We will want to have this diagram visible:
If k ≥ 2n − 1 and l ≥ 0 then I k (l) = I k+2l , so when we tensor with the pullback of I * 2n (n − 4), we get
For brevity, let A j = Γ(A j | L ), which we discussed in §3.1. It is reasonable to hope that for j ≥ 2n − 7, the natural map A j → HomM(I 2n , I 2n+j ) is an isomorphism and Ext iM (I 2n , I 2n+j ) = 0. In Appendix B we show that this is the case. Now when we push down to X we have
But the sequence
is exact, so we have a resolution
, and similarly all the negative line bundles.
A Appendix: Smoothness of Γ
In this appendix we give the rather messy proof that the space Γ constructed in §3.5 is smooth. Let
be the relative Grassmanian of isotropic P n−2 s,
the relative flag variety, and p ′ : Φ ′′ → Φ and p ′′ : Φ ′′′ → Φ ′′ the natural maps, with apologies for all the primes. We produced an analytic open set U ⊂ Φ and a map Π : U → Gr(n − 1, V ) with Π(Q) ⊂ Q sm for every Q ∈ U . Note that Π stands for plane, not projection. We summarize the situation in a diagram:
Since Φ ′′ and Φ ′′′ are smooth, to show that Γ is smooth it suffices to show that s| L and p ′′ are transverse, that is, for each Q ∈ L ∩ U and Λ ∈ Gr(n, V ) with Π(Q) ⊂ Λ ⊂ Q, s * T Q L and p ′′ * T (Π(Q),Λ,Q) Φ ′′′ span T s(Q) Φ ′ . PGL 2n C acts on Φ and all its primes, and that all the projections are equivariant. Let us describe the orbits:
• The orbits of Φ are determined by the corank of Q, or equivalently by the dimension of Q sing .
• The orbits of Φ ′′ are determined by the type of the flag
For example, the following are orbits: smooth quadrics with any P n−2 ; corank 1 quadrics with P n−2 s avoiding the cone point; corank 1 quadrics with P n−2 s containing the cone point; corank 2 quadrics with P n−2 s meeting the cone line in a point; corank 2 quadrics with P n−2 s containing the cone line.
• The orbits of Φ ′′′ are determined by the type of the flag
If O is an orbit in Φ ′′ with corank Q ≤ 2 then p ′′−1 (O) is a single orbit in Φ ′′′ .
Let O ⊂ Φ ′′′ be the orbit of (Π(Q), Λ, Q); then p ′′ (O) and p ′ (p ′′ (O)) are also orbits, so all are smooth manifolds. By Sard's theorem,
, and by our construction of s,
Thus the maps that we claimed were transverse are so.
B Appendix: Calculation of HomM(I k , I k+j )
In this appendix we will show that if k ≥ 2n − 1 and j ≥ 0, the natural map Γ(A j | L ) → HomM(I k , I k+j ) is an isomorphism and Ext i M (I k , I k+j ) = 0 for i = 1, 2, and for i = 3 as well if j ≥ 2n − 7.
Let π :M → L, and for brevity let H = Hom(I 2n , I 4n ). There is a natural map π * (A 2n | L ) → H. We will show that π * H is a vector bundle, that R 1 π * H = 0, and that the adjunct map A 2n | L → π * H is an isomorphism. Over a smooth Q ∈ L this is clear, since if W and W ′ are maximal isotropic subspaces of opposite families, it is well-known that Cℓ ev = End C (I ev ) ⊕ End C (I ′ ev ), but to show it in general will take some work. Let U ⊂ L be an open set over which Π is defined, as in §3.5. First we show that π * H is a vector bundle and that there is no higher pushforward. Let Q ∈ L be corank 2 and ℓ = π −1 Q, which is naturally identified with the cone line of Q. Let J be the ideal of the P n spanned by Π(Q) and the cone line. Then O ℓ ⊗ J ev ⊂ I 2n | ℓ . The map
given by v ⊗ ξ → vξ is surjective, and the kernel is O ℓ (−1) ⊗ J ev . Since there are no extensions of O ℓ by O ℓ (−1), we have
Since I 4n | ℓ = I 2n | ℓ and dim J ev = dim J odd = 2 n−2 , we have H| ℓ = (O ℓ (−1)⊕ O 2 ℓ ⊕ O ℓ (1)) 2 2n−4 . Since dim H 0 (H| ℓ ) = 2 2n−2 = rank H and H 1 (H| ℓ ) = 0, the pushforward of H fromM to M is a vector bundle and there is no higher pushforward. Since M → L is flat and finite, the conclusion follows.
Let E ⊂ O U ⊗ V be the vector bundle on U whose fiber over Q ∈ U is Π(Q), and E ⊥ ⊂ O U ⊗ V the fiberwise orthogonal. Because Π(Q) avoids Q sing , E ⊥ is indeed a vector bundle. Because Π(Q) is isotropic, E ⊂ E ⊥ . Let P be the P 1 -bundle P(E/E ⊥ ) and ̟ : P → U the natural map. Then P carries a natural quadratic form with values in ̟ * O U (1), whose zero set is naturally isomorphic to π −1 U ⊂M. From now on let us identify them, and not distinguish between π and ̟.
Let J ⊂ A| U be the ideal generated by n−1 E ⊂ A n−1 | U . Then I 2n ⊂ π * J 2n . Dualizing, π * J * 2n ։ I * 2n . In this paragraph we will show that the adjunct map J * 2n → π * I 2n is an isomorphism. Let O P (−1) be the relative tautological line bundle and consider the sequence maps on P · · · → O P (−1) ⊗ π * J 2n−1 → O P ⊗ π * J 2n → O P (1) ⊗ π * J 2n+1 → · · · determined by v ⊗ ξ → vξ. The composition of any two, for example
is exactly the natural quadratic form mentioned above. Thus its restriction to the open set ofM is exact, and the image in π * J 2n is exactly I 2n . After dualizing the sequence above, we can get an exact sequence
Pushing this down to U , we find that indeed J * 2n = π * I * 2n . On π −1 U ⊂M we have a commutative diagram The right vertical map is injective on each fiber, and we have just seen that the bottom map is an isomorphism, so the top map is injective on each fiber. Since A 2n | U and π * (I * 2n ⊗ I 4n ) have the same rank, it is an isomorphism, as claimed.
To finish, suppose that k and j are both even. Then since k ≥ 2n and I k = I 2n ⊗ π * O L (k/2 − n), we have
Now π * of this is A 2n (j/2−n)| L , which has the same global sections as A j | L , no middle cohomology, and no top cohomology if j/2 − n ≥ −3. The cases where k is odd or j is odd are entirely similar; the bound j ≥ 2n − 7 comes from the latter.
